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1. INTRODUCTION AND MAIN RESULTS
Consider the second-order systems
w xu t q =F t , u t s e t a.e. on 0, T 1 .  .  .  . .È
u 0 y u T s u 0 y u T s 0, 2 .  .  .  .  .Ç Ç
w x N  .where T ) 0, F: 0, T = R ª R satisfies that F t, x is measurable in t
N w xfor each x g R , continuously differentiable in x for a.e. t g 0, T , and
1 q.there exists g g L 0, T ; R such that
< < < <F t , 0 q =F t , x F g t 3 .  .  .  .
w x N 1 N .  .for a.e. t g 0, T and x g R , e g L 0, T ; R . Suppose that F t, x is
T -periodic in x , 1 F i F r ; that is,i i
r
F t , x q k T e s F t , x 4 .  . i i i /
is1
w x N  .for a.e. t g 0, T , all x g R , and all integers k , 1 F i F r, where ei i
 . N1 F i F N is the canonical basis of R .
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 .  .Under conditions 3 , 4 and some other suitable conditions, the multi-
 .  . w xplicity of periodic solutions is obtained for problem 1 , 2 in 1]5 . In this
 .paper we obtain some existence and multiplicity theorems for problem 1 ,
 .2 , which generalizes the results mentioned above. The following main
results are obtained by the minimax methods.
 .  . 1 N .THEOREM 1. Suppose that 3 , 4 hold, and e g L 0, T ; R , satisfying
T
e t dt s 0. 5 .  .H
0
Assume that
T
F t , x dt ª q` 6 .  .H
0
 . r  . Ny rfor e¨ery x , . . . , x g R as x , . . . , x tends to infinity in R . Then1 r rq1 N
 .  . 1problem 1 , 2 has at least r q 1 geometrically distinct solutions in H ,T
where
1 w x NH s u: 0, T ª R N u is absolutely continuous, andT
u 0 s u T and u g L2 0, T ; R N 4 .  .  .
5 5is a Hilbert space with the norm u gi¨ en by
1r2
T T2 25 5 < < < <u s u t dt q u t dt .  .ÇH H /0 0
for u g H 1.T
w xRemark 1. Theorem 1 generalizes Theorem 2.1 in 2 . Theorem 4.8 in
w x w x4 and Theorem 0.3 in 5 are the special cases of Theorem 1 correspond-
ing to r s 0 and r s N, respectively.
 .Replacing 6 by a weaker condition,
T
F t , x dt ª q` , 7 .  .H
0
< <  4 Ny ras x ª ` in 0 = R , we do not know whether Theorem 1 still holds,
but we have the following theorem.
 .  .  .  .  .THEOREM 2. Assume that 3 ] 5 and 7 hold. Then problem 1 , 2
has at least one solution in H 1.T
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w xRemark 2. Theorem 2 is an extension of Theorem 4.8 in 4 .
 .Replacing 7 by the condition
T
F t , x dt ª y` 8 .  .H
0
< <  4 Ny ras x ª ` in 0 = R , one can still obtain the following multiplicity
result.
 .  .  .  .  .THEOREM 3. Suppose that 3 ] 5 and 8 hold. Then problem 1 , 2
has at least r q 1 geometrically distinct solutions in H 1.T
w xRemark 3. Theorem 3 generalizes Theorem 1.5 in 4 and Theorem 0.3
w xin 5 , which correspond to the cases r s 0 and r s N, respectively.
2. PROOFS OF THEOREMS
1 T .  .  .  .For u g H , let u s 1rT H u t dt and u t s u t y u. Then weÄT 0
5 5 5 5 2 2 1have Sobolev's inequality u F C u for all u g H and some posi-Ä Ç` L T
 w x.  .  .tive constant C see Proposition 1.3 in 4 . Put u t s Pu q Qu q u t ,Ã Ä
N r . w . xwhere Pu s  u, e e , Qu s  u, e y k T e , and k is theisrq1 i i is1 i i i i i
 .unique integer such that 0 F u, e y k T - T , 1 F i F r.i i i i
Define the functional w on H 1 byT
1 T T T2< <w u s u t dt y F t , u t dt y e t , u t dt. .  .  .  .  . .  .ÇH H H2 0 0 0
w x  .Then w is continuously differentiable by Theorem 1.4 in 4 , because 3
implies that
1
< < < <F t , x F F t , 0 q =F t , sx , x ds .  .  . .H
0
< <F x q 1 g t .  .
w x Nfor a.e. t g 0, T and all x g R . Moreover, one has
T T :w9 u , ¨ s u t , ¨ t dt y =F t , u t , ¨ t dt .  .  .  .  . .  . .Ç ÇH H
0 0
T
y e t , ¨ t dt .  . .H
0
for all u, ¨ g H 1.T
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 r 4Let G s  k T e N k is integer, 1 F i F r be a discrete subgroup ofis1 i i i i
H 1 and let p : H 1 ª H 1rG be the canonical surjection. It is obvious thatT T T
1 1 1Ä  4H rG s X = V, where X s Y q Z, Y s H s u g H N u s 0 , Z sT T T
 4  4span e , . . . , e and V s span e , . . . , e rG is isomorphic to the torusrq1 N 1 r
T r. Define f : X = V ª R by
f p u s w u . .  . .
 .It follows from 4 that f is well defined. Moreover, f is continuously
differentiable.
Proof of Theorem 1. The proof relies on the generalized saddle point
w x   ..  .theorem due to Liu 2 . First assume that p u is a PS sequence for f ;k
  ..   ..  .that is, f p u is bounded and f 9 p u ª 0. Then w u is boundedk k k
 .  .and w9 u ª 0. It follows from 3 and Sobolev's inequality thatk
5 5  :u G w9 u , u .Ä Äk k k
1 T T T2< < 5 5 < <G u t dt y u g t dt q e t dt .  .  .Ç ÄH ` H Hk k  /2 0 0 0
1 2
2 25 5 5 5G u y C uÇ ÇL Lk 1 k2
for sufficiently large k and some positive constant C , which implies that1
Ä12 . 5 5  .u is bounded by the fact that u is an equivalent norm on H . By 3 ,Ä Ç Lk T
 .4 and Sobolev's inequality we have
w u s w u .  .Ã
1 T T2< <s u t dt y F t , Pu dt .  .ÇH H2 0 0
T 1
y =F t , Pu q s Qu q u t , . .Ä .H H
0 0
T
Qu q u t ds dt y e t , Qu q u t dt .  .  . .Ä Ä. H
0
1 T2
25 5F u y F t , Pu dt .Ç L H2 0
T T
< < 5 5 < <y Qu q u g t dt q e t dt .  .Ä .` ` H H /0 0
1 T2
2 25 5 5 5F u y C u q 1 y F t , Pu dt . .Ç ÇL L H22 0
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for all u g H 1 and some positive constant C . The above inequality, theT 2
 .  .  .  .boundedness of w u and u , and 6 implies that Pu is bounded.Äk k k
 . 1 w xHence u is bounded in H . In a way similar to Proposition 4.1 in 4 ,Ãk T
 .  .  .u has a convergent subsequence; so does p u s p u . Therefore fÃ Ãk k k
 .satisfies the PS condition.
Now we check the link condition that
 .    ..  . 4a inf f p u N p u g Y = V ) y`, and
 .   ..  . < <b f p x ª y` uniformly for p Qx g V as Px ª `, where
N  .x g R . For p u g Y = V, we have
f p u s f p u q Qu . .  .Ä .
s w u y Qu .Ä
1 T T2< <s u t dt y F t , 0 dt .  .ÇH H2 0 0
T 1
y =F t , s u t q Qu , u t q Qu ds dt .  . . . .Ä ÄH H
0 0
T
y e t , u t q Qu dt .  . .ÄH
0
1 T2
25 5G u y F t , 0 dt .Ç L H2 0
T T
< < 5 5 < <y Qu q u g t dt q e t dt .  .Ä .` ` H H /0 0
1 2
2 25 5 5 5G u y C u q 1 .Ç ÇL L32
 .for some positive constant C by 3 and Sobolev's inequality, which3
 .  .implies a . It follows from 6 that
T
f p x s y F t , x dt ª y` .  . . H
0
 . r < <  .for every x , . . . , x g R as Px ª `, which implies b by the compact-1 r
ness of V. It follows from the generalized saddle point theorem Theorem
w x.1.7 in 2 that f has at least r q 1 critical points. Hence w has at least
 .  .r q 1 geometrically distinct critical points. Therefore problem 1 , 2 has
at least r q 1 geometrically distinct solutions in H 1.T
Proof of Theorem 2. We shall use the saddle point theorem in a weaker
 w x. 1form see Theorem 4.7 in 4 . The functional w : H ª R satisfies theT
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 .  . 1PS condition; that is, the existence of a sequence u in H such thatc k T
 .  .w u ª C, w9 u ª 0 as k ª `, implies that C is a critical point of wk k
 w x.  .see Definition 4.1 in 4 . In fact, as the proof of Theorem 1, u has aÃk
convergent subsequence. Without loss of generality we may assume that
u ª u in H 1. Then one hasÃk T
w u s w u ª w u , w9 u s w9 u ª w9 u .  .  .  . .  .Ã Ãk k k k
 .  .as k ª `. Hence w u s C, w9 u s 0; that is, C is a critical value of w,
as in the proof of Theorem 1. We have
Ä1  4inf w u N u g H q span e , . . . , e ) y`. . 4T 1 r
 .  . < <  4It follows from 7 that w u ª y` as u ª ` in span e , . . . , e . Byrq1 N
w x 1Theorem 4.7 in 4 , w has at least one critical point in H . Hence TheoremT
2 holds.
w xProof of Theorem 3. The proof relies on Theorem 4.12 in 4 . It follows
 .  .from 3 ] 5 and Sobolev's inequality that
w u s w u .  .Ã
1 T T2< <s u t dt y F t , Pu dt .  .ÇH H2 0 0
T 1
y =F t , Pu q s Qu q u t , . .Ä .H H
0 0
T
Qu q u t ds dt y e t , Qu q u t dt .  .  . .Ä Ä. H
0
1 T2
25 5G u y F t , Pu dt .Ç L H2 0
T T
< < 5 5 < <y Qu q u g t dt q e t dt .  .Ä .` ` H H /0 0
1 T2
2 25 5 5 5G u y C u q 1 y F t , Pu dt . .Ç ÇL L H42 0
for all u g H 1 , which implies that w is bounded from below. Moreover,T
 .the functional w satisfies the PS condition; that is, for every sequenceG
 . 1  .  .u in H such that w u is bounded and w9 u ª 0, the sequencek T k k
 .  w x.p u has a convergent subsequence see Definition 4.2 in 4 . In fact, thek
 .  .  .boundedness of w u , 8 , and the above inequality implies that u andÄk k
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 .  .Pu are bounded. Hence u is bounded. As in the proof of PropositionÃk k
w x  .  .  .4.1 in 4 , u has a convergent subsequence; so does p u s p u .Ã Ãk k k
w xNow Theorem 3 follows from Theorem 4.12 in 4 .
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